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Parking lot with fuel cell cars
→ virtual power plant

Controllable devices:

fuel cells of cars
batteries of cars
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Scenario

Centralized control of
parking lot

Connection to power grid
with limited capacity

Uncontrollable load

Power balance
requirement

Economic dispatch
problem

...

Power
network

Parking lot

H
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Controller

Load

Microgrid

FC Car FC Car

Aim:

Control resources in parking lot to satisfy power balance
requirement while minimizing operational cost in presence of
uncertainty in load.
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Model predictive control (MPC)

Features

Very popular in process industry

Model-based

Easy to tune

Multi-input multi-output (MIMO)

Allows constraints on inputs and outputs

Adaptive / receding horizon

Uses off-line or on-line optimization
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MPC: Principle of operation

Performance/objective
function (e.g., reference
tracking versus
input energy)

Prediction model

Constraints

(On-line) optimization

Receding horizon

measurements

model

optimization

prediction

actions
control

objective,
constraints

system
inputs

control

MPC controller

Nonlinear optimization problem: min
uk

JMPC
k,Np

(uk)

subject to system dynamics, operational constraints
where uk = [uT(k) uT(k + 1) · · · uT(k + Np − 1)]T
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MPC: Receding horizon approach

k+Nck

computed control inputs

future

predicted outputs

k+1 k+Np

setpointpast

control horizon
prediction horizon
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Model of fuel cell

Inputs:

net power generation of fuel cell, uf
on/off mode of operation, sf

State:

fuel level in storage tank, xf

Piecewise Affine (PWA) model

xf(k + 1) =

{
xf(k) if sf(k) = 0
xf(k)− (αfuf(k) + βf)Ts if sf(k) = 1

if uf(k) > 0 then sf(k) = 1

0 ≤ uf(k) ≤ P̄f , x f ≤ xf(k)
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Model of battery

Inputs:

net power generation of battery, ub
charge discharge operation mode of battery, sb

State:

energy stored in battery, xb

PWA model

xb(k + 1) =

{
xb(k)− Ts

ηd
ub(k) if sb(k) = 0

xb(k)− Tsηcub(k) if sb(k) = 1

Pb ≤ ub(k) ≤ P̄b

[ub(k) < 0⇔ sb(k) = 1] (charging mode)

ECC 2019 Optimal power scheduling of fuel-cell-car-based microgrids 9 / 36



CaPP MPC CaPP-MPC Robust CaPP-MPC Summary

Model of battery

Inputs:

net power generation of battery, ub
charge discharge operation mode of battery, sb

State:

energy stored in battery, xb

PWA model

xb(k + 1) =

{
xb(k)− Ts

ηd
ub(k) if sb(k) = 0

xb(k)− Tsηcub(k) if sb(k) = 1

Pb ≤ ub(k) ≤ P̄b

[ub(k) < 0⇔ sb(k) = 1] (charging mode)

ECC 2019 Optimal power scheduling of fuel-cell-car-based microgrids 9 / 36



CaPP MPC CaPP-MPC Robust CaPP-MPC Summary

Model of system

Additional system constraints

ein(k): imported power from grid at time step k

Pd(k): predicted power demand in microgrid at time step k

ω(k): uncertainty, deviation between actual and predicted demand

e in ≤ ein(k) ≤ ēin

ΣNveh
i=1

(
ub,i (k) + uf,i (k)

)
+ ein(k) = Pd(k) + ω(k)
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Mixed integer linear programming (MILP) – Equivalences

P1: [f (x) 6 0] ⇐⇒ [δ = 1] is true if and only if{
f (x) 6 M(1− δ)

f (x) > ε+ (m − ε)δ

P2: y = δf (x) is equivalent to


y 6 Mδ

y > mδ

y 6 f (x)−m(1− δ)

y > f (x)−M(1− δ)

f function with upper and lower bounds M and m

δ is binary variable

y is real-valued scalar variable

ε is small tolerance (machine precision)
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Transformation of PWA into MILP equations

Example

Consider x(k + 1) =

{
ax(k) + b if αx(k) 6 β

cx(k) + d if αx(k) > β

Define δ(k) = 1 ⇔ αx(k) 6 β ⇔ αx(k)− β︸ ︷︷ ︸
f (x(k))

6 0

→ MILP by Property P1

Now x(k + 1) = (ax(k) + b)δ(k) + (cx(k) + d)(1− δ(k))

= (a− c) x(k)δ(k)︸ ︷︷ ︸
z(k)

+cx(k) + (b − d)δ(k) + d

= (a− c)z(k) + cx(k) + (b − d)δ(k) + d

→ MILP by Property P2
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Model of system (continued)

Auxiliary variables
zf,i (k) = sf,i (k)uf,i (k)
zb,i (k) = sb,i (k)ub,i (k)

z(k) ,

[
zf (k)
zb(k)

]
s(k) ,

[
sf (k)
sb(k)

]

Mixed Logical Dynamical (MLD) model

x(k + 1) = x(k) + B1u(k) + B2s(k) + B3z(k)

E1u(k) + E4x(k) + E51(k) + E52ω(k) ≥ E3
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Operational costs

Important factors

Degradation of fuel cell
and battery

Benefit of producing
electricity

Consumed hydrogen and
stored energy

Cost of importing electricity

Cost function

J(k) =

Nveh∑
i=1

( Np−1∑
j=0

(
Wf,i |∆sf,i (k + j)|+ Wb,i |∆sb,i (k + j)|

−Ce(k + j)(uf,i (k + j) + ub,i (k + j))
)
− CH2 (xf,i (k + Np)− xf,i (k))

−Ce,batt (xb,i (k + Np)− xb,i (k))
)

+

Np−1∑
j=0

Ce(k + j)ein(k + j)
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Operational costs

Using power balance condition in∑Nveh
i=1

(
ub,i (k) + uf,i (k)

)
+ ein(k) = Pd(k) + ω(k)

to eliminate ein(k), cost function becomes:

J(k) = W0Ṽ (k) + Wdω̃(k)

with Ṽ T(k) =
[
ũT(k) s̃T(k) z̃T(k)

]
All the constraints can be written in the form

G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃(k) for all ω̃(k)

Linear problem in Ṽ (k) for given ω̃(k)
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Robust controller design for CaPP system

Grid-connected

Min-max
Chance constrained
Scenario-based
Lenient scenario-based

Islanded mode

Disturbance feedback min-max method
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Min-max optimization problem

Control problem

Minimizing operational cost while satisfying constraints
→ min-max control: consider worst case

General form

min
Ṽ (k)

max
ω̃(k)
{W0Ṽ (k) + Wdω̃(k)}

s.t. G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃(k) for all ω̃(k)

Hard to solve numerically

Assumption 1: bounded uncertainty

There exist ω̄ and ω such that ω ≤ ω(k) ≤ ω̄ for all k
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MILP form of the min-max optimization problem

Lemma

Defining

ω̃1 =
[
ω̄ . . . ω̄

]T
Np×1

ω̃2 =
[
ω . . . ω

]T
Np×1

the inequality G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃(k) holds for all
possible disturbances ω satisfying Assumption 1 if the following
two inequalities hold:

G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃
1

G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃
2
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MILP form of the min-max optimization problem

Optimization problem

min
Ṽ (k)

{
max

{
W0Ṽ (k) + Wdω̃

1,W0Ṽ (k) + Wdω̃
2
}}

s.t. G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃
1

G0Ṽ (k) ≤ G1 + G2x(k) + G3ω̃
2

Solution algortihm

Mixed Integer Linear Programming (MILP) problem

Solvers: GLPK, CPLEX, Gurobi, ...
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Chance-constrained method

• Assumption:       has a normal distribution

Inverse of cumulative distribution function Φ

• Optimization problem
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Standard scenario-based method

• Scenario    with probability

• Optimization problem
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Lenient scenario-based method

• Soft constraint on power exchange
• We define a penalty term 

• Optimization problem

Yes

No
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Case study

• 24 hours
• 2 fuel cell cars
•    
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Case study

Min-max
Standard 
scenario-

based

Chance-
constrained

Lenient 
scenario-

based
Closed-loop 
operational cost 246 228 218 215
# constraint 
violation 0 1 4 7
Total violating 
energy 0 4 7 12
Peak of violation 
power 0 4 4 4

• Complete safety      min-max
• Lowest operational cost      lenient scenario based
• Low cost + few constraint violation      chance- 

constrained
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Outline

• Car as power plant parking lot
• Two settings

– Grid-connected
• Min-max

• Scenario-based
• Chance constrained
• Lenient scenario-based

– Islanded mode
• Disturbance feedback min-max method

• Summary



26/36

Islanded mode microgrid

• Uncontrollable loads

• Maximum power generation of all renewable 

energy sources

• Fuel cell cars generate electricity

• Water electrolysis system produces 

hydrogen

• Fuel cell cars are also used for transportation
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Problem formulation (islanded 
mode)
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Problem formulation

• Control actions
– Power generation of fuel cells
– Refilling process of cars
– Hydrogen production of electrolyzer

How to control fuel cell cars and 
electrolyzer such that power balance is 
maintained and total operational cost is 
minimized?

How to control fuel cell cars and 
electrolyzer such that power balance is 
maintained and total operational cost is 
minimized?

our goal
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Model of system

• Vector of system states

• Vector of control inputs

• Mixed logical dynamical model
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Min-max control method

• Components
– Switching operation 

mode of fuel cells
– Switching operation 

mode of electrolyzer
– Power generation of 

fuel cells
– Power consumption 

of electrolyzer
– Efforts for the power 

balance of microgrid
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• Assumption: convex hull of uncertainty

• Simplified optimization problem

Optimization problem of min-max 
method



32/36

Disturbance feedback min-max 
method

• Control law:

with variables v
f,i
 and K

f

• Reduction of conservatism
– Prevents expansion of 

possible state trajectories

• System model
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Disturbance feedback min-max 
method

• Cost function

• Constraints

• Optimization problem → MILP
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Case study

• 4 fuel cell cars
• 1 electrolyzer
•  
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Case study

• Operational cost

1 2 3 4
0

1 2 3 4
0

1 2 3 4
0

1 2 3 4
0

Min-max

Disturbance feedback
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Summary

• Car as power plant concept
• Mixed logical dynamical model of system
• Model predictive control methods

– Grid connected
• Min-max
• Scenario based
• Chance constrained
• Lenient scenario based

– Islanded mode
• Disturbance feedback

• Ongoing work: distributed control architectures


