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Scope of hybrid dynamical systems (HDSs) research

HDSs combine continuous states and discrete states dynamics.

Mechani-

Power networks
cal system

Switching

Digital control HDSs o
circuits

Multi-mode

Genetic networks
control
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Motivation and approach

Common features in applications:

® Variables changing continuously (e.g., physical quantities) and discretely
(e.g., logic variables, resetting timers);

® Abrupt changes in dynamics (changes in the environment, control decisions,
communication events, or failures).

Driving questions:

® How can we systematically design such systems with provable robustness to
uncertainties arising in real-time applications?

Approaches:
® capture continuous and discrete behavior using dynamical modeling;
® analysis of stability and control design using control theoretical tools;

® numerical (and possible experimental) validation.
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Hybrid dynamical systems

® Descriptive enough to capture the behavior of the system

® continuous states dynamics (physical systems);
® |ogic components (switches, automata);
® interconnection between logic and dynamics.

® Simple enough for solving analysis and synthesis problem.

® A wide range of system can be modeled within such framework

® Discrete hybrid automata;
® Piecewise affine systems;
® Mixed-logical dynamical (MLD) systems.
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Discrete hybrid automata |

® DHA is a hybrid system representation that combines finite state machines
(FSM) for discrete events, switched affine systems (SAS) for continuous
evolution, event generator (EG), and mode selector (MS).
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Discrete hybrid automata |l

® An SAS is a set of linear systems switched by an integer variable:

xr(k + 1) = Ay xr (k) + Bigyur (k) + figk),
y(k) = Cigyxr(k) + Digyur(k) + &i(ky

where

® x, € X, is the continuous state vector;

® u, € U, is the exogenous continuous input vector;

® vy, € ), is the continuous output vector;

e {A B, C,D} is a tuple of state space matrices;

® f and g are affine offset values, i € J C Np is the active mode.

® An EG is a mathematical relation that maps linear affine constraints
conditions into logic values

5e(k) — Jre(Xra Ur(k)a k)7
Fe=X, xU xNg = B C{0,1}",

where
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Discrete hybrid automata Il

® ). is a binary coded variable describes a discrete event;
® F. is a mapping relation in a linear hyperplane.

® An automaton is a transition relation among discrete value finite states
according to logical event or guard condition. The transition relation of
the FSM in the DHA is defined as:

Xb(k + ].) — Fa(be Ub(k), 5e(k))7
Fa:Xp xUp x B—BC{0,1}",

where

® x, € Xp and u, € U, are the discrete state and input vectors;
® F, is a deterministic transition relation.

® An MS is a mathematical relation that maps linear affine constraints
conditions into logic values:

I(k) = ./T"/\/](Xb, ub(k), 5e(k))7
]—“M:Xbxube—>B§J.
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Mixed logical dynamical (MLD) system |

Goal: describe hybrid system in form compatible with optimization software:

® continuous and Boolean variables;
® |inear equalities and inequalities.

® |dea: associate to each Boolean variable s; a binary integer variable 9;:
[si = true] < {J; =1}, |[s; =false] < {4, =0}

and embed them into a set of constraints as linear integer inequalities.

® Two main steps:

@ translation of logic constraints into linear integer inequalities;
@® translation of continuous and logical constraints into linear
mixed-integer relations.

® Final result: a compact model with linear equalities and inequalities
involving real and binary variables.
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Mixed logical dynamical (MLD) system Il

® By converting logic relations into mixed-integer linear inequalities, a DHA
can be rewritten as the Mixed Logical Dynamical (MLD) system

x(k+1) = Ax(k) + Byu(k) + Byd(k) + Bsz(k),
_)/( ) (k)—|—Dlu(k)+D2(5(k)—|—D3Z(k),
Exd(k) + Esz(k) < Eyu(k) + Eax(k) + Es,

where

x € R™ x {0,1}™ is the continuous and discrete states vector;

ue R™ x {0,1}™ is the continuous and discrete input vector;

y € RPr x {0,1}" is the continuous and discrete output vector;

z € R" and § € R"™ are the continuous and binary auxiliary variables
mode of the system.

® The translation to MLD can be automatized.

® MLD models allow solving MPC, state estimation, and fault detection
problems via mixed-integer programming.
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Mixed logical dynamical (MLD) system |

® MLD equivalences are defined as

Relation Logic MLD Inequalities
NOT (~) ~'s 1-9§
03 < 61
AND (/\) 53 =851 A S? 53 S (52
03 >01+0—1
03 > 01
OR (\/) s3=5 VS 03 > 02
03 < 61+ 62
|MPLY(:>) 51 — S 51—52§0 BISS'L
S1 <— S 01 = o
IFF( ) [s = true] <= [f(r) < 0] f(r) < M(1-56)
f(r)>e+(m—e)d
1p) < Mo
IF-then-else ry — n if s =true r, > mo
0 if s =false rn>n—M(1-)9)
r2§r1+m(1—(5)

where M is a sufficiently large number (for the problem at hand), m is a sufficiently

small number (for the problem at hand), e.g. m = —M, and ¢ > 0 is a small tolerance.
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Piecewise affine (PWA) system |

® another common class for hybrid systems.

® equivalent to MLD systems.

® have the capability to approximate nonlinear dynamics.

® representation has a set of polyhedral partitions.

® PWA system with bounded states and inputs and s regions

x(k +1) = Aiyx(k) + Biyu(k) + figiy,
y(k) = Ciyx(k) + Digyu(k) + i(x):
i(k) = such that [x(k) u(k)] € P;,
with

o Pi={[x(k) u(k)] : Higiyx(k) + iy u(k) < Kig};
® jc JC Npis the current active polyhedron.

Luigi Glielmo (GRACE) Haeolus summer school

July 1, 2021



Piecewise affine (PWA) system Il

® introduce S Boolean variables s;,i = 1,...,5, the corresponding binary
variables ¢; and the logic constraints

[s; = true] <= [§; = 1]

@s,- = true <— Zé,- =1
i i
® introduce auxiliary real vectors z; and w; defined by if-then-else rules

Zi:{A,(k)+Bu+ﬂ, if 0, =1 Wi:{C,-erD,-qug;, if 6 =1
0, otherwise 0, otherwise;
® convert the relations above into mixed-integer inequalities;
® update the state and output equations

x(k+1)=>_;z,

{)’(k) =D Wi.

Luigi Glielmo (GRACE) Haeolus summer school July 1, 2021 13/51



Model predictive control (MPC)

MPC is a control method for handling input and state constraints within an

optimal control setting.

Principle of predictive control

past future

predicted o

:  manipulated ingts
u(t '

utputs y(t + k|t

Why to use MPC?

® |t handles multivariable
interactions.

® |t handles input and state
constraints.

v

® |t can push the plants to their
limits of performance.

\

td 1 t+ N,

2, £ ce (€) £ =«

® |t is easy to explain to operators
Loz and engineers.

[
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MPC: Mathematical formulation

N—-1
N—1* .
u = arg min X u
t gu/v—1 kz:o Q( t+k> t—l—k)
t =

ST Xt k41 = Q(Xt+k7 Ut+k)v
Xt+k € Xt-i-k?
Utk € Up ik

The problem is defined by
® objective that is minimized
® e.g., distance from origin, sum of squared/absolute errors, costs,. ..
® internal system model to predict system behavior
® e.g., linear, nonlinear, single-/multi-variable,. . .
® constraints that have to be satisfied

® e.g., on inputs, outputs, states, and linear, quadratic,. ..
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MPC: Mathematical Formulation

OPTHN-
\l; PobLEM

N-1

argmin E q( Tt k> Ut k)

s(t, k=0 Ny @: P I a n t Output (1)

Tipk+1 = ATipp + Bugpg >
Ttk € X, Utk cu /

N\ Plant State z(t)

® At each sample time:

® measure/estimate current state x(t);

® find the optimal_input sequence for the entire planning window N:

N—1* " ’
* u = o Uiy

® implement only the first control action u;.
v
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HAEOLUS PROJECT

® HAEOLUS - Hydrogen-Aeolic Energy with
Optimised Electrolysers Upstream of
Substation
® Funding of 7 M€,

® Produce a total of 120 tons of hydrogen
by 2021.

® Raggovidda wind park in Varanger
peninsula (Norway)
® 45 MW built of 200 MW concession;

® Bottleneck to main grid 95 MW;
® Capacity Factor of 50%.
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HAEOLUS CONTRIBUTION

Dynamic Plant Model

Designed and developed to implement multi-level con-
trollers

® A hybrid system

® Different time scales of physical and market
phenomena
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Plant and scenario for HAEOLUS project

® The standard architecture with 4
layers:

® supervisory layer;
® management layer;
® automation layer;
® physical layer.

Luigi Glielmo (GRACE)
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Plant and scenario for HAEOLUS project
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® automation layer;
® physical layer.
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Physical layer of HAEOLUS project |
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Physical layer of HAEOLUS project Il

Hydrogen-based energy storage
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Alternative scenarios |

The International Energy Agency-Hydrogen Implementing Agreement (IEA-HIA)
identified three different use cases regarding the possible operations for wind farm
paired to a hydrogen-based storage system:

® Energy-storage operates for
power smoothing.

® Mini-grid operates for
demand side management:

® islanded mode;
® weakly connected
mode.

® Fuel-production operates
for hydrogen production.

Inputs

Multiple control strategies

HAEOLUS
plant

Switching
function

Outputs

July 1, 2021
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Alternative scenarios |l

Control and optimization problems
® operate devices by means of logic commands (ON, OFF,STB);
® convert/electrify suitable amounts of energy/hydrogen;

® minimize costs for long term profitability;

fulfill (scenario-dependent) constraints and requirements;

® rely on forecasts while managing the uncertainty.
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MLD modeling of devices operational modes |

Dynamic Modeling

® ON/OFF/STB: modes of the
devices (electrolyzer and fuel
cell);

o 5N 6P and 6P the

devices discrete states;

° agi: the state transitions of
the devices;

® the arcs explain the state
transitions.
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MLD modeling of devices operational modes Il

® The three logic discrete states of the devices ON, OFE STB characterize the
model.

The states have been modeled with mutually exclusive logical variables:

SPN(t) + 62T (1) + 678 (¢) = 1.

OFF STB
~ ~
- - - - >
| ! ! ! I ' ' ' :
0 pSTP pmin  pmax operations
N —
ON J
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MLD modeling of devices operational modes ll|

ey g

)
MLD constraints of the ON state (5°V) // LLMEAR

—Pi(t) + P < M(1 — 2P (1)

Py {1 P;(t) > P™" _
0 P,'(t) < pmin —P (t) + Pmln > 6—|—( )Z_Pmm(t)

0 P()>P™  p)— Pm < M(1— 257" (1)

Zi~ (t) = { max
I PlO)=P Pi(t) — P™ > ¢+ (m— €)2=P™ (1)

Pi(t) can be linked to 6°N with inequalities through z="" and z=""

SN = 22 e dN(e) - Z”""”<t)<o

sN(t) = =P () = N -z (1) <o

July 1, 2021
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MLD modeling of devices operational modes IV

MLD constraints of the devices state transitions

6STB
. ° ~~‘
. Y
4 1
OFF A STB "~~~ SON
STB .. L . USTB
K AR,
* -
., 'O $~ A )
- STB STB Y
< O0Fr  OON s,
{m=mmmmmmmnaaa ON
o OFF
.. ON R |
6OFF O'ON 6ON
OFF
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MLD modeling of devices operational modes V

MLD constraints of the devices state transitions

o9 (1) <= 6% (k- 1) A sON(t)

5STB
o A Loy
OFF "o' ":{~.__,¢;:" \“
UOFF(t) < 5 (k ) > . 08%3: UB&B s\«
O'OFF(t) = Uopp(t) < 5ON(t) ------------ ON
UOFF(t) > 5OFF(k 1) + 5ON(t) —1 §OFF 0_8FNF §ON
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Hydrogen tank dynamics |

System state space model

H(t +1) = H(t) + ne(t)Pe(t)0N(£) T, —

Pf(t)(S?N(t) Ts
nf(t)

The hydrogen level dynamics are defined as a function of
® |ogic variables;
® the hydrogen production efficiency ne(t);
® the hydrogen consumption efficiency n¢(t);

and subject to 6OV (t) 4 5PN (t) < 1.

e

PEM electrolyzer Hydrogen storage PEM fuel cell
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Hydrogen tank dynamics ||

MATLAB code of implied operator model

1 LOH = sdpvar(1,T+1,’full’); 7 Hydrogen 1level

> z_e = sdpvar(1,T,’full’); %» Auxiliary var

3 for k= 1:N_T

4 de = binvar(2,1); df = binvar(2,1);

5 F1 = [sum(de)==1,implies(de(1l) ,[z_e(:,k) == p_e(:,
k),d_ONN_e(:,k) == 11);

6 implies(de(2), [z_e(:,k) ==0, d_ONN_e(:,k) == 0])
1;

7 F2 = [sum(df)==1,implies(df (1) ,[z_f(:,k)== p_£f(:,k
), d_ONN_f(:,k) == 1]1);

8 implies(df(2),[z_f(:,k)= 0, d_ ONN_f(:,k) == 0]1)]1;

9 Model = [LOH(:,k+1) == H(:,k)+(eta_e.*xz_e(:,k)x*
Ts)—(eta_df.*z_f(:,k)*Ts)];

10 Con= [Con, Model ,LOH(1) == inilOH, F1, F2];

11 Con = [Con, minLOH<=LOH(:,k)<= maxLOH];

12 end
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Hydrogen tank dynamics |

MATLAB code of Big-M model

1 LOH = sdpvar(1,T+1,’full’); J% Hydrogen 1level

>z_e = sdpvar(1,T,’full’); %» Auxiliary var

3z_f = sdpvar(1,T,’full’); %» Auxiliary var

4 for k= 1:N_T

5 z i = [z e(:,k);z _f(:,k)];

6 %»Big-M formulated Model

7 Const [Const ,-M*d _ONN_i<= z i<= Mxd _ONN_il];

8 Const [Const ,-M*(1-d_ONN_i)<= z_i-p_i<= Mx*(1-
d_ONN_i)];

9 Model = [LOH(:,k+1) == LOH(:,k)+(eta_e.*xz e(:,k)x*
Ts)-(eta_df .xz £ (:,k)*Ts)];

10 Const = [Const, Model ,LOH_HL (1) == iniLOH_HL];

11 Const = [Const ,minLOH<=LOH _HL(:,k)<= maxLO0H];

12 end

Luigi Glielmo (GRACE) Haeolus summer school July 1, 2021



What are the constraints?

® MLD constraints of the devices states;
® MLD constraints of the devices state transitions;
® power balancing equation;

® feasibility and operating constraints:

® |ower and upper power bound on the devices;
® |ower and upper hydrogen storage level;
® dump load constraint;

® warm and the cold start times of the devices:;

® power ramp up/down bounds.
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MPC |

e

) N—1 At each time step t:
N—1 .
u = arg min Costs(u;
t & yN-1 Z ( t+f> ® take measurements from the
£ J=0 plant;
S.t.
® minimize costs s.t.
Uryj € Upj. constraints;

® use u; and discard
® tis the actual time;

* *k .
Up gy -5 Uy
® M is the prediction horizon; ° incremen@
o N-1 _ ’ -
u; — 7"'7ut+N—1] :
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MPC I

N—1 Costs given by:

N—1* .

u; — arg min Costs(ut+ ) ® tracking errors;
ug j=0

; ® output power smoothing;

S.T.
® curos payed/earned for

Utyj € Uryj. /

buying/selling energy;

_ _ ® wearing-out due to modes
® ¢t is the actual time; switching:

® M is the prediction horizon;

* u; b= [ut7°°°7ut+N—1],-
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MPC [l

N-1
ulV 1" = arg min Costs(u))
ut _] 0
s.t. U given by: (L) () (t)
Upyj € Upyj. 77 ”,5\/ ON,(SOFF\’/”_
® ¢ is the actual time; (JD) (€)
® M is the prediction horizon;
* u = [ut7 SR ut—i—N—l],-
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Cost functions

Devices cost functions
Srep oM ON
J(t) = C 1) t
[( ) (NH + (t)
STB
v Wt + CORoone(t) /
Fude™ | C088§F08§F(t)
M' CSIB STB
Con oo (t)
Y %%oé’%%(t) el Lon ) son
OFF OFF \\_/
’3—.2. Cstg st (t) —
S?:Eo%%%(t)
+ C(t)PSTB(SSTB(t)

where

® Siep: the j-device stack replacement cost;

® C°M: the i-device operation and maintenance cost;

® ¢(t): the power spot price.
July 1, 2021
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Output power smoothing (OPS) cost function |

The OPS is achieved by accounting for previously available power values and adequately

evaluating the scheduling of future power ahead of time. The OPS cost function is
minimized through the linear weight cost term

OPS cost function

N—1 7B

Js(t) _ Z Zwt+j,7yt+j,7

j=0 7=1

.

where
L yt+j’T is the bound on the difference of past and future available power value;
e "7 is a weighting factor with 7 runs within the set {1,...,7g}.

yiH'7 is subject to the following constraint

yt—|—j,’7’ Z O

TSPt +J) — Pai(t+j—T1)| — ¥
/T 2 Rgle+D) - Pt +i= )~
o Aeriye hve
® ¥ is a threshold of the grid operator.
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Cost functions

One goal of the system is to track the load demand with the available power. The load
tracking (LT) cost function is given by the mismatch between Pyt and Py as

N—1 2
(e) = D7 (Paalt +1) = Puslt +)) -

Jj=0

"

where
® P, is the smoothed available power;
® P.ris the local load demand.
The total cost function at time t is given by
N—1

J(t) =) pdi(t+)) + pede(t +J) + prde(t + ).

Jj=0

where

® o, pe and pr are positive weighting scalars.
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Multi-objective optimization |

min {Js(t), J(t)}
s.t.
System constraints,

Power smoothing constraints.

The problem is recast sequentially (two stage sequential optimization)
@ give unconditional priority to the OPS problem;
@ pass the optimal value J: of OPS as a further constraint in the 2™ problem.

2" problem
1°* problem

min J(t)
min Js(t)
s.t.
s.t. _
System constraints,

System constraints.
Js(t) < Js.
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Test runs (Case I) |
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Figure: Wind and operator power profiles.
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Test runs (Case I) I

1.2 =
Iy
I ] |
1.1 — :
ref [
_ - P, - I
; 1 — s P l-—! : i ! ]
= 2 ! i |
- -l - i
5 .. | |
309 | i by | |
a | i I
B S
._-l I
0.8 ' i .
I l--_n_-_-_‘-__'.!
rd
0.7 ——— I | | | | | |
3 6 9 12 15 18 21 24

Time [Hour]

Figure: Smoothed available power profiles.
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Test runs (Case I) Il
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Figure: Control response of the devices.
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Test runs (Case I) IV
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Figure: Net hydrogen storage power Py, = Pr — P..

Luigi Glielmo (GRACE) Haeolus summer school July 1, 2021



Test runs (Case I) V
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Figure: Control response of hydrogen storage H.
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Test runs (Case II) |
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Figure: Wind and operator power profiles.
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Test runs (Case 1) Il
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Figure: Smoothed available power profiles.
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Test runs (Case I1) Il
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Figure: Control response of the devices.
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Test runs (Case II) IV
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Figure: Net hydrogen storage power Py, = Pr — P..
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Figure: Control response of hydrogen storage H.
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